
Matematická Indukcia

1. Dokážte, že pre každé nenulové prirodzené č́ıslo n plat́ı:

(i) 1 + 2 + · · ·+ n = 1
2n(n+ 1)

(ii) 1 + 3 + 5 + · · ·+ (2n− 1) = n2

(iii) 2 + 3 + 4 + · · ·+ (3k + 2) = 1
2 · (3k + 1) · (3k + 4)

(iv) 2 + 4 + 6 + · · ·+ (4n+ 2) = (2n+ 1) · (2n+ 2)

(v) 12 + 22 + · · ·+ n2 = 1
6n(n+ 1)(2n+ 1)

(vi) 13 + 23 + · · ·+ n3 = 1
4n

2(n+ 1)2

(vii) 14 + 24 + · · ·+ n4 = 1
30n(n+ 1)(2n+ 1)(3n2 + 3n− 1)

(viii) 12 + 32 + · · ·+ (2n− 1)2 = 1
3n(4n

2 − 1)

(ix) 13 + 33 + · · ·+ (2n− 1)3 = n2(2n2 − 1)

(x) 23 + 43 + · · ·+ (2n)3 = 2n2(n+ 1)2

(xi) 12 − 22 + 32 − 42 + · · ·+ (−1)n+1n2 = 1
2(−1)n+1n(n+ 1)

(xii) 1 · 2 + 2 · 3 + · · ·+ n · (n+ 1) = 1
3n(n+ 1)(n+ 2)

(xiii) 1 · 2 · 3 + 2 · 3 · 4 + · · ·+ n · (n+ 1) · (n+ 2) = 1
4n(n+ 1)(n+ 2)(n+ 3)

(xiv) 1 · 2 + 2 · 5 + · · ·+ n · (3n− 1) = n2(n+ 1)

(xv) 1 · 3 + 3 · 5 + · · ·+ (2n− 1) · (2n+ 1) = 1
3n(4n

2 + 6n− 1)

(xvi) 1 · 4 + 2 · 7 + 3 · 10 + · · ·+ n · (3n+ 1) = n(n+ 1)2

(xvii) (n+ 1) · (n+ 2) · · · · · (n+ n) = 2n · 1 · 3 · . . . (2n− 1)

(xviii) 1 + 3 + 6 + · · ·+ 1
2n(n+ 1) = 1

6n(n+ 1)(n+ 2)

(xix) 2 + 7 + 14 + · · ·+ (n2 + 2n− 1) = 1
6n(2n

2 + 9n+ 1)

(xx) 1 · 22 + 2 · 32 + · · ·+ n(n+ 1)2 = 1
12n(n+ 1)(n+ 2)(3n+ 5)

(xxi) 1
1·2 + 1

2·3 + · · ·+ 1
n(n+1) =

n
n+1

(xxii) 1
4·5 + 1

5·6 + · · ·+ 1
(n+3)(n+4) =

n
4(n+4)

(xxiii) 1
1·5 + 1

5·9 + · · ·+ 1
(4n−3)(4n+1) =

n
4n+1

(xxiv) 12

1·3 + 22

3·5 + · · ·+ n2

(2n−1)(2n+1) =
n(n+1)
2(2n+1)

(xxv) 1
1·2·3 + 1

2·3·4 + · · ·+ 1
n(n+1)(n+2) =

1
2

(
1
2 − 1

(n+1)(n+2)

)
(xxvi) 1

1·3·5 + 2
3·5·7 + · · ·+ n

(2n−1)(2n+1)(2n+3) =
n(n+1)

2(2n+1)(2n+3)

(xxvii)
(
1− 1

4

)
·
(
1− 1

9

)
· · ·

(
1− 1

(n+1)2

)
= n+2

2n+2

(xxviii) 1 + 3
2 + 7

4 + · · ·+ 2n−1
2n−1 = 21−n + 2(n− 1)

(xxix) 1
2 + 2

22
+ 3

23
+ · · ·+ n

2n = 2− n+2
2n

1



(xxx)
(
1 + 1

1 − 1
5

)
·
(
1 + 1

3 − 1
7

)
· . . .

(
1 + 1

2n−1 − 1
2n+3

)
= 3(2n+1)

2n+3

(xxxi) 1 · 1! + 2 · 2! + · · ·+ n · n! = (n+ 1)!− 1

(xxxii) 1
2! +

2
3! + · · ·+ n

(n+1)! = 1− 1
(n+1)!

(xxxiii) 1
22−1

+ 1
42−1

+ · · ·+ 1
(2n)2−1

= n
2n+1

2. Dokážte, že pre každé prirodzené č́ıslo n > 1 plat́ı:

(i) 1√
1
+ 1√

2
+ · · ·+ 1√

n
>

√
n

(ii) 1
n+1 + 1

n+2 + · · ·+ 1
2n > 13

24

(iii) 1
n + 1

n+1 + · · ·+ 1
3n−2 > 1

(iv) n
2 < 1 + 1

2 + · · ·+ 1
2n−1 < n

(v) 1
2 · 3

4 · . . . 2n−1
2n < 1√

3n+1

(vi) 4n

n+1 < (2n)!
(n!)2

(vii) 1
23

+ 1
33

+ · · ·+ 1
n3 < 1
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3. Dokážte, že plat́ı:

(i) 2n > n2 , n ≥ 5, n ∈ N,

(ii) 2n ≥ n+ 1 , n ≥ 0, n ∈ N,

(iii) 3n ≥ 2(n+ 1)2 , n ≥ 4, n ∈ N,

(iv) 5n ≥ 5n3 + 2 , n ≥ 4, n ∈ N,

(v) 2n+2 > 2n+ 5 , n ≥ 1, n ∈ N,

(vi)
√

(2n)! < 2n · n! , n ≥ 1, n ∈ N.

4. Dokážte, že pre každé reálne č́ıslo a ≥ −1 a pre každé nenulové prirodzené č́ıslo n plat́ı:

(1 + a)n ≥ 1 + na

5. Dokážte, že pre rôzne kladné reálne č́ısla a, b a pre prirodzené č́ıslo n > 1 plat́ı:

2n−1 (an + bn) > (a+ b)n

6. Ak pre nezáporná reálne č́ısla x1, x2, · · · , xn plat́ı x1 + x2 + · · ·+ xn ≤ 1
2 , tak

(1− x1) · (1− x2) · · · (1− xn) ≥
1

2
.

Dokážte.

7. Dokážte, že pre prirodzená č́ısla plat́ı:

1 +
1

4
+ · · ·+ 1

n2
≤ 2.
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8. Dokážte, že pre každé nepárne (liché) prirodzené č́ıslo n je súčet n4+2n2+2013 delitel’ný
č́ıslom 96.

Dôkazy

1. Zistite, či pre l’ubovolné množiny A,B platia nasledujúce rovnosti. V pŕıpade, že rovnost’

plat́ı, dokážte ju (obrázok nie je dôkaz). V opačnom pŕıpade nájdite vhodný protipŕıklad.

(a) A ∩ (A ∪B) = A,

(b) A ∪ (A ∩B) = A,

(c) A \B = (A ∪B) ∩B,

(d) A \ (A \B) = A ∪B,

(e) A \ (A \B) = B \ (B \A) = A ∩B,

(f) A \ (B \A) = A ∩B,

(g) (A \B) ∩ (B \A) = ∅.

Výsledky: a) plat́ı, b) plat́ı, c) neplat́ı, d) neplat́ı, e) plat́ı, f) neplat́ı, g) plat́ı.

2. Zistite, či pre l’ubovolné množiny A,B,C,D platia nasledujúce rovnosti. V pŕıpade, že
rovnost’ plat́ı, dokážte ju (obrázok nie je dôkaz). V opačnom pŕıpade nájdite vhodný
protipŕıklad.

(a) (A ∪B) \ C = (A \ C) ∪ (B \ C)

(b) (A ∩B) \ C = A ∩ (B \ C) = (A \ C) ∩ (B \ C)

(c) A \ (B ∪ C) = (A \B) ∩ (A \ C) = (A \B) \ C
(d) A \ (B ∩ C) = (A \B) ∪ (A \ C)

(e) (A \B) ∩ C = (A ∩ C) \ (B ∩ C) = (A ∩ C) \B
(f) A \ (B \ C) = (A \B) ∪ (A ∩ C)

(g) A ∩ (B△C) = (A ∩B)△(A ∩ C)

(h) A× (B ∪ C) = (A×B) ∪ (A× C)

(i) (A \B)× C = (A× C) \ (B × C)

(j) A× (B△C) = (A×B)△(A× C)

(k) (A×B) \ (C ×D) = (A \ C)× (B \D)

(l) (A×B) ∪ (C ×D) = (A× C) ∪ (B ×D)

Výsledky: a) plat́ı, b) plat́ı, c) plat́ı, d) plat́ı, e) plat́ı, f) plat́ı, g) plat́ı, h) plat́ı, i) plat́ı, j) plat́ı, k) neplat́ı, l) neplat́ı.
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