METODA PER PARTES

1. [xe®dx =
W=e" v=2o v'zlu:/ewd:c:ew,
:ajex—/ex-lda::xefc—ex:ex(x—l)—i—C
2. [2%e*dx =
W =€ v=2au=¢" v =2

3. [Zdr =
1 1 1
v=— v=0> v =20,u= | —dr=—-——
1, 1 2
——e—xaz —/—x-2mdx:——|—2 —dx =
1 1
W=—, v=z vV=1L,u=——
2 2
T 1 1 %+ 2x + 2
4. [Inzdx =

SR

,u:/dzx:x.

1
= a:-ln:r:—/:v-xdx =zlnz—2+C =z(lnz—1)+C =z 1n g—i—C, pro z > 0.

=1 v=Inz, v =(Inz) =



[ i =

1
W =—, v=Inz, v=—,u=Inz.
x

=Inx- lnrv—/lnx Zdx = In? x—/lnxdx

/lnld/z =’z — /11]$dx
. Xz . x

1
/mdaz— In2z + C,pro z > 0.

6 f arlcjjcr;x
, 1 , 1 1
U =-———7>, V=arctanx, v = ——,u = cLL = arctan x.
1+ 22 14 a2 1+ 22
1 9 arctan
= arctan x-arctanx— | arctan mﬁdx = arctan“ xr — -3
14+ 14z

"arctan x
2 | =" dx = arctan® z
1+ 22

t 1
/ de = —arctan® z + C.
1+ 2 2

7. [e.sinzdr =

. /! / p p
u=sinx u =cosx,v =e° wv=¢"

=e".sinx — /ex.cosxdac

u=cosx u =—sinz,v =e* v=¢€"

=e”.sinz— <e”.cosa: - /(— Sina:).e”da:) = ez.sinx—ez.cosx—/sinx.emda:
Potom

/ex. sinzdr = e”.sinx — e*. cosx — /sinx.emdas

2/ex.sina;dx =e".sinxz — e”.cosx

. . e’.sinx —e*.cosw
e’.sinzdr = +c
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METODA SUBSTITUCNI

1 dr __
8fxlnac f\/MT_

dx
Ving =t=Inz=t>= ar = 2tdt
T

1
:2/ttdt:Z/dt:2t:2x/lnx+0,pr0x>1.

sin zdx =

sinz _ 1
9. f 1+36051dx_f1+3cosx

1
1+ 3cosx =t= —3sinzdr = dt = sinxdr = —gdt
1 1 1 [dt 1 1 1
= / t-(—gdt) =-3/ 3= —gln\t\ = —gln]1+3cosx|+0, pro z,cosx # -3

10. [ arlcfra%xda; = [arctanx - 1+%daz =

1
arctanr =t = ——=dz = dt
14 22

:ftdt: ﬁ — arct%n2z +C-

11. f sinx cosx dl‘ _

vV 2— sin? x
V2 —sinfx=t= 2 —sin’x =2
—2sinx cos xdx = 2tdt = sinx cos xdx = —tdt
ftdt — [dt= =—\/2—sin?z +C.
r=tV/2,t = L S de= V2dt
V2
Vodt f f
s = 2 [ t2+1dt arctan % Vol C.

2
a?(Z3+1) @t L4l

T
—=t,x =at = dr = adt
a

SLodt = % arctant = é arctan% + C.



14. f4x27éa:7+2dz‘ = f‘(xill)QJr*ldiL‘ =
r—1=t
dx = dt

f ﬁdt = arctant = arctan(z — 1) + C.

15. [In(z + V1 + a?)dx =
v =1, v=In(z+V1+22),

1 2\—%
1+ 5(1+29) 2-2r 1
x+V1+ 22 V1+ 22
::Uln(a:—I—\/l—i-xQ)—fﬁ-mdx:

!/
u=z,0 =

1
1+w2:t:>2xd;1::dt:>wd;1::§dt

1
=zln(x + 1+$2)—2/tédt—xln(a:+ l—i—x?)—t%:

=zln(z+V1+22) —V1+22+C.

16. [ gida =

. 4t3
\4/el’+1:t:>e*:t471,x:1n(t471),dm:ﬁdt
_ [ =1 48 _ 4 27 6_ 427, ot _ 1oa L 3
_/ . ~t471dt_/(t —1).4t dt_4/t —t dt—4<7*§>+6—4(?(6 +1) fg(e +1) >+c



INTEGRACE RACIONALNICH LOMENYCH FUNKCT

—6224+9x+7 —
17. 7(:0 R )dx

23— 622 + 9+ 7 A B C D
‘ - | ~ A=0,B=0,C=-3,D=1
@—23(z—5) 2-2 (@-2° (@—27 z-5 2 =0 :

L L 3 1
-3 | ———=d dr—= > nle—5leC ) -
/(a:—2)3 x—i-/x_Sx 2(x_2)2+n\x |4+C,pro x # 2,z #

2z3 452248
18. 2x2+Tx—15 dx

22x — 7

-3 2 . (992 P - p o
(22° + 52" 4+8): (22" +Tx —15) = 1+2m2+7m—15

o 2227 _ 2227
—f[x—ler]dx—f[x_l*W da

2z —-T7T=Ax+5)+BR2r—-3)=A=4,B=9

= /xdw—/dz-l—él/ 2:61_ dx +9/ 5 dxr = ? z+21n|22—3|+91n |z+5|+C, pro 1776 T # —5.
1 _ 1
19. f x3+12+2w+2dm - f (z+1)(z%2+2) dzx
1 A Bx+C 1 1 1
= + =A=—-,B=—-,C=-
(z+1)(22+2) =x+1 22+2 3 3 3

1/1 1/3371 1/1 1/x+1/1 1|+1|11/ 2x+\/§t x
== —— = - - = n ——= —— arctan — =
3) z+1 3J) 2242 3J) z+1 3) z2+2 3) z2+2 z24+2 6 V2

1 1 2
:§1n|x+1\—gln(:c2+2)+%arctan + C,pro z # —1.

7

5T+2 _ 5z+2
20. fx2+€:+10dx - f (a;+$1) dx =

r+1=3t= dr = 3dt

15t — 3 33 [5t—1 5 2t 1
= 5o8dt=—" | s—dt=_ | 5——dt — | 7—dt =
/9t2+9 9/t2+1 2/t2+1 /t2+1

5. 2242410

5
=5 In(t? + 1) — arctant = 2 In — 9 " arctan

1
+C.




21. f g dr = f :r(x;zg?erm dr =

23222 4+2x

vt2 A, BrdlC Ly p-_10=3

r(x?2 -2z +2) =z +:E2*2.’E+2

1 — 1 1 2x — 2 1
:/ B G P f/ dz— / :/fdw—f/xidx—Q/id:c:
2 _2x+2 x2—2:c+2 T 2 2 -2z +2 2 — 2z + 2

T
:ln|:c|—ln(m2—2m+2)—2/;d£€:
z2 — 2z + 2

1
/ d: S arctan ——— = arctan(z — 1),

2 —2r 4200 ,/ ,/

= In|z|+In(2?—224+2)—2 arctan(z—1)+C = In @2_’;‘”2)—2 arctan(z—1)+C,pro x # 0



INTEGRACE IRACIONALNICH FUNKCI

d —
2. [ 2 =
Vdr?2 —3=t—2x

422 — 3 =t — Atz + 42°

—3 =12 Atz
2 +3
- dt
T
2 -3
dr = ——=—dt
YT T
£-3 at 1
:/t42tt2+3dt_ . St = ln|2:c+\/43327|+c prolz| > \[
— 20"

zdx
23. IW -
l+z=t=de= 6t5dt,a?—— -1

-1 -1 2 3 6 6 3
= 6t°dt = —6 t3:—6/t8 tT 0Pt 3dt = — S0 — ST 5 Tt =
/t2—t3 /t—l AT 30 4 7 50t te

= 2(+a)VIte-3(+a)¥TTa-S(1+n)YTta—1-a-S(1+2)8 —3(1+2)5 +e

2 e e
2 —1 —2t% + 2t — 2

Va2 +z+1=t+zr = 2®+a+1 = 2’ +2a+t3 0 = ——,do = ————=dt
T Ty (1202
—2t242¢-2 4y 2
:/ (1-202 f/ 27 20+ 2 /1+i— L g — o ft—2— L mj2t—1| =
o1 g4 2oL t—2)(2t —1) t—2 2t—1 2

1
=vVal+z+1-z+2In|Va?+z+ 1—x—2|—§ln|2\/x2 +z+1-—2z—1|+c

25. f a:Jr\/m

1+ 2t 22 4+ 2t + 2
Va2 4+ z+1=tet+l = 22 +o+1 = t20°+2ta+1, x + der = Ldt

1o (1 12)2
26242442
7/ iy dt / 212 _92t—2 B 05 1.5 L2
B N | t—1)t+2)t+12 S t—1 t+1 (t+1)2 t+2
1
= —05Inft—1]—15I[t+1]— —— +2In|t+2| =
t+1
Va2 —z+1—2—1 Ve —z+1+4+z—1 x Va2 —z+142x—1
= —0.51n]| |—1.51n| |— +21n | |4¢
x x Ve —z+14+x -1 x




26. [V =Ldy —

\/7
—1— 2 1—t?
Va2 —l=t+z=a2’-1=t"+2z+a%z = ,d = dt
xT +r = +2tx+ 2" x o ,dx 572

2 2
_ TR R RS b S SO N 5 U S
—12—t2 B (t+ —12—t2) 2t2 2t4 2/ t4 2
t t

= (Vi —1-2) 4+ (VaE 1) 4o
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27. [ Ve _ gy —
z=1t%= dr =61°dt = t = .

2 5 1344 4
I= [ ——6t°dt=6 | - ————dt=6 | ——dt =
/t6+t3 /t3(t3+1) /t3+1

: t
() =t
" +1) 341

6/t t dt =6 £ 6/ t dt = 3 - t? 6/‘ "
p— — = ¢ —_— = . — : C
tB3+1 2 341 J 341

Potfebujeme uréit | ﬁ(h‘.

t t A +Bt+C A —t4+ 1)+ (Bt+O)(t+1)
B+l t+D)E—t+1) t+1 2—t+1 (t+1)(12 —t+1)
potom

t=A*—t+ 1)+ (Bt+CO)(t+1),
po dosazeni za t postupné —1,0, 1 dostaneme

1 1
A=——-B=C=—.
3’ 3

Potom

1 1 1
t -+ Lt4+ 1 1 1 t+1
/dt:/ 34 3 3 dt=—= dt—/+ dt | .
B3+1 t+1 2—-t+1 3 t+1 2—t+1

Uréime 7modry”’a “cerveny’integral a bude téméf hotovo.

Potfebujeme uréit [ t%dt. Toto je jednoduché:

1
——dt=Inl|t+1 .
/t+1 nlt+1/+c



C s t+1
A jeste P

dt. Toto nebude uplné jednoduché. V Ccitateli se
snazime dostat derivaci jmenovatele:
/ t+1

1 ot + 2 1 [2t—1
dt:/+dt:/t 3
t2—t+1 2] t2—t+1 2

t
22—t+1 "
funkci rozdélime na dva zlomky, dostaneme dva integraly

(5

3
dt —dt | .
2 —t+1 +/t2—t+1 >
¢ 2t—1
Urcime [ 755
lenému” integrélu.

° j‘ 2t—1

t2—t+1

dt a [ ﬁdt a pak se vratime postupné az k "ze

ey

dt _ dt
= AT
o\l ) /3
2
.
V3
2

Nf=

dt = 111(t2 —t+ 1) + ¢. Proé neni nutnd abs. hodnota argumentu?
® [t adr=3] 1 :3f<

=

N}

b

2 :
=z=> —dt=dz=dt = —%dz.
V3
Potom

V3

dz
7=2-\/§/
2241

= 2.v/3arctan z+c = 2-v/3 arctan
2241

t— 1
( 32 >+c = 2-v/3arctan —
Muzeme se vratit k ”éervenému” integralu:
/ t+1 1

2 (t 1)+
- = c
V3 2

dt:7</ 2t —1

2 —t4+1 2

3 1
dt dt) == (In(t2—t+1)+2-V3
2 —t4+1 +/t27t+1 ) 2<n( TH+2V3

arctan% (t — %)) =
2
= ~In(t> =t + 1) + V3arctan (t

1
5 )
A muZeme se vratit k ”zelenému” integralu:

3
1 1 41 1 1. .,

=_= dt — dt) =—-=(lnjt+1] - =In(E —-t+1)—V3
3(/t+1 / ) 3(n|+| 5 n +1)

2 1
P arctan%<t7§))+c
1
= 31242 (ln |t +1] — 3 In(t? — t + 1) — V3arctan

2 (-t
Al3))e
Zustdva vratit substituci t = Jx

o

Potom

I=3t2-6

1:3-%+2-(1n\%+1|f%ln(\3r*%+l)7\/§

arctan% (%f l)) +ec.



INTEGRACE GONIOMETRICKYCH FUNKCI
28 j‘ sin3 zdx _

cosZz+1 )
cosx =t = —sinzdr = dt

2 .
= [Uzeos phoinpde [ L8t = [1— 2qdt =t — 2arctant =

= cosx — 2arctan(cos ) + c.

d —
29. f (2+cos§)sinm -

z . 2t 1 —¢2 2
tan o =t = sinz = 5 ,COS T = 5, dr = 5dt
2 t2+1 1+t 14+t
dt 2
1+t2 1+t / 2t 1 1 2 1 2 T x
= dt = = In|(34¢2)t| = = In|(3+tan? 2 ) tan = |+c.
/(2+1 2 /3+t2 3+t2+t 3 n [(3+t7)t] 3 n |(3+tan 2) an2|+c
1+t2 1+t2

30. Integral [ -4

T

e 1. spusob:

dx 1 1 [ sin® 5+ cos? 5
- = — —dr = - | ——F——F—dr =
sinx 2sin % cos 5 2 sin & cos &
2 2 2 2
X
B—
2
dr = 2dt
1 1
7/ ! dt*/ cos? ¢ dt*/ cos?t g4 — In|tant| = In tanf'+c rox#km k€ Z
- sintcost % - tant - - 2 P ’ ’
cos“ t
e 2. spusob:
1 sm2 (:052 x .oz
/ —/ 1:7/ d+ de = —1n cosf‘-&-ln smf‘-‘—c,proz#k‘n‘,kez.
sin x 2sin £ 5 cos 2 2 cos 5 2 sin 2 2 2

e 3. spusob:

dx 1 dx 1 1
/ = / de = / — = / . dx =
sin x 2sin £ cos £ sin 5 o tan % cos? %

2 2 2 & cos 5 cos §
2

tan © = ¢
an —=1=1
2

1
/tdtzln\t\ :ln)tang‘—kc,prox;&kw,kGZ.

10



e 4. spusob, univerzdlni substituce:

dr _
ST "
tan 5= t,x = 2arctant
1 2dt
dor =2 dt =
Ty T e
. T 1 T t
sin — = ,CO8 — =
2 Vi+t2 2 V142
. . 2:L' 94 x T 2t
sing =sin2— = 2sin —cos — = ——
2 2 2 1+ ¢2
1—¢?
cosT = COSQE = cos? - sin® - !
2 2 2 14 ¢2
1 2dt dt T
= w5—5—=[ —=ft zln‘tan—‘ C,pro x # km,k € Z.
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